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Abstract. A characterisation of the stochastic bounded generators of quan- 
tum irreversible Master equations is given. This suggests the general form 
of quantum stochastic evolution with respect to the Poisson (jumps), Wiener 
(diffusion) or general Quantum Noise. The corresponding irreversible Hciscn- 
berg evolution in terms of stochastic completely positive (CP) maps is found 
and the general form of the stochastic completely dissipative (CD) operator 
equation is discovered. 



1. Introduction 

Recently a stochastic irreversible evolution has been introduced in quantum the- 
ory in order to discribe the continuous measurements and random trajectòries of 
individual quantum objects under their observation in time. In the quantum theory 
of open systems there is a well known Lindblad's form |19j of quantum irreversible 
master equation, satisfied by the one-parameter semigroup of completely positive 
(CP) maps. This is a nonstochastical equation, which can be obtained by averaging 
a stochastic Langevin equation over the driving quantum noises. On the other hand 
the Langevin equation is satished by a quantum stochastic process of dynamical 
representations, which are obviously completely positive due to *-multiplicativity 
of the representations. The representations give the examples of pure CP maps, 
but among pure CP maps there are not only the representations. This means a 
possibility to construct a pure irreversible quantum stochastic CP dynamics, which 
can not be driven by a Langevin equation. 

The examples of such dynamics having recently been found many physical appli- 
cations, will be considered in the first section. The rest of the paper will be devoted 
to the mathematical derivation of the general structure for the quantum stochas- 
tic evolution equations with the bounded coefficients. Here in the introduction we 
would like to outline this structure on the formal level. 

In order to achieve this goal, we will extend the Evans-Lewis differential dila- 
tion theorem JJj for the genrators of CP dynamics, to the stochastic differentials, 
generating an Itò *-algebra 
(1.1) 

dA (a) f dA (o) = dA (a*a) , ^ A,dA (o*) = dA AiO^V dA (a) f = dA (o*) 
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with given mean vàlues (dA (í, a)) — l (d) dí, o£o. Here a is a (finite-dimensional) 
noncommutative ^-àlgebra with a self-adjoint annihilator (death) d — d*, ad = 0, 
corresponding to dí = dA(í, d), and l : a — > C is a positive l (a*a) > linear 
functional, normalized as i (d) = 1, corresponding to the determinism (dí) = dí. 
The functional l defines the GNS representation a ^ a = (a(í)^~7'* °f a m terms 
of the quàdruples 

(1.2) a* = j (a) , a° + = k (a) , a~ — k* (a) , — l (a) , 

where j (a*a) — j (a)^ j (a) is the matrix representation j (a)^ k (a) — k (a*a) on the 
space K. of the Kolmogorov decomposition l (a*a) — k(a)^ k (a) into the dot-product 
a~a°i_ with a finite number of the components indexed by •, and k* (a) = k (a*) . 

The quantum stochastic processes í € R+ i— > A (í, a) , a G a with independent 
increments dA (í, a) = A (í + dí, a) — A (í, a), forming an Itò *-algebra, can be rep- 
resented [20] in the Fock space # over the space of K. -valued square-integrable 
functions on M + as A£ (í, a£) = a^A^ (í). Here 

(1.3) <A£ (í) = a'.A', (í) + a^A+ (í) + a, A'_ (í) + o+AÍ (í) , 

is the canonical decomposition of A into the exchange AJ , creation A+ , annihilation 
A*_ and preservation (time) Al = íl processes of quantum stochastic calculus 20 , 
having the mean vàlues (AJ^ (í)) = t8 v + 5~ with respect to the vacuum state in 
Thus the parametrising àlgebra a can be always identified with a *-subalgebra of 
the àlgebra of all quàdruples a — (a^)^Z,'l, where a£ : K v — > K,^ are the linear 
operators on IC m = /C,/C+ = C =/C_, having the adjoints a^*/C M Ç /C„, with the 
Hudson-Parthasarathy (HP) multiplication table ^ïï] 

(i-4) a.6=(a^=;;; ! 

the unique death d = (S^S^ and the involution a*^, = aü*^, where — (— ) = 
+,-. = .,-(+)=-. 

The main result of this paper is the derivation of the general structure for the 
unbounded generators A£J : B — > B of the linear quantum stochastic CP evolutions 
4> t over B = £ (Tí) in terms of the quantum stochastic differentials à(f> — <fi o A^dA^ 
with <fi — i at í = 0, where i (B) = B is the identical representation of B. As in the 
bounded case and finite dimensional Itò àlgebra [?], the generator À = (A)^~^'* 
can be writtcn in the "Lindblad" form \ {B) = L ] j{B)L - K ] B - BK, defming 
the quantum stochastic differential equation as 

àct) t {B) + <j) t (K^B + BK-Ü] (B) L) dí = <j> t (L'j (B) L. - B ® S'.) dA' m 

(1.5) +<f> t (L'j (B) L - K'B) dA+ + <f> t (Ü 3 {B) L. - BK.) dA*_, 

where j is an operator representation of B, and <5* is the identity operator in IC. Such 
an extension of Lindblad's form for quantum stochastic generators was discovered 
recently in |15) even for a nonlinear case. We shall prové that this structure is 
necessary at least in the case of the bounded w*-continuous generators on a von 
Neumann àlgebra B. The existence of minimal CP solution which is constructed 
under certain continuity conditions proves that this structure is also sumeient for 
the CP property of any solution to this stochastic equation. 
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The Evans-Lewis case A (t, a) = atl is described by the simplest one-dimensional 
Itò àlgebra a = <Cd with l (a) = a G C and the nilpotent multiplication a*a = 
corresponding to the non-stochastic (Newton) calculus (dt) = in K, = 0. The 
Standard Wiener process Q = A*_ + A+ in Fock space is described by the second 
order nilpotent àlgebra a of pairs a = (a, £) with d = (1,0), Ç £ C, represented 
by the quàdruples a+ = a, a7 = £ = a+, a* = in /C = C, corresponding 
to A(í, a) = atl + £Q (í). The unital ★-àlgebra C with the usual multiplication 
C*C = IC| 2 can be embedded into the two-dimensional Itò àlgebra a of a = (a,(), 
a = l (a), £ G C as a\ — Ç, = +iÇ, a~ = a+ = Ç. It corresponds 

to A (i, a) = atl + (P (í), where P = A* + i (A+ — A* ) is the representation of 
the Standard Poisson process, compensated by its mean value t. Thus our results 
are applicable also to the classical stochastic differentials of complctcly positive 
processes, corresponding to the commutative Itò algebras, which are decomposable 
into the Wiener, Poisson and Newton orthogonal components. 

2. Quantum filtering dynamics 

The quantum filtering theory, which was outlined in and developed thcn 

since , provides the derivations for new types of irreversible stochastic equations 
for quantum states, giving the dynamical solution for the well-known quantum mea- 
surement problem. Some particular types of such equations have been considered 
recently in the phenomenological theories of quantum permanent reduction 0] |S] , 
continuous measurement collapse [Hl[7|, spontaneous jumps HJIH], diffusions and 
localizations [113 EU- The main feature of such dynamics is that the reduced irre- 
versible evolution can be described in terms of a linear dissipative stochastic wave 
equation, the solution to which is normalised only in the mean square sense. 

The simplest dynamics of this kind is described by the continuous filtering wave 
propagators V t (ui), defined on the space of all Brownian trajectòries as an adapted 
operator-valued stochastic process in the system Hilbert space H, satisfying the 
stochastic diffusion equation 

(2.1) dV t + KV t àt = LV t dQ, V = I 

in the Itò sense, which was derived from a unitary evolution in |13| . Here Q (t,u>) 
is the Standard Wiener process, which is described by the independent increments 
dQ (í) = Q (í + dí) — Q (t), having the zero mean vàlues (dQ) = and the multi- 
plication property (dQ) 2 = dí, K is an accretive operator, K + K' > L^L, and L 
is a linear operator T> — » TL. Using the Itò formula 

(2.2) d (y t W t ) = dVjVt + V?AV t + dVjdVt, 

and averaging (•) over the trajectòries of Q, one obtains d(V^Vt) < as a conse- 
quence of L^L < K + K'. Note that the process Vt is necessarily unitary if the 
filtering condition + K — L holds, and if L' — —L in the bounded case. 

Another type of the filtering wave propagator Vt {oj) : ip € H i— > ipt ( w ) m ^ i s 
given by the stochastic jump equation 

(2.3) dV t + KV t àt = LVtdY, V a = I, 

derived in by the conditioning with respect to the spontaneous stationary re- 
ductions at the random time instants uj = {íi, Í2, ...}. Hcrc L = J — I is the jump 
operator, corresponding to the stationary discontinuous evolutions J : tp t i— » ip t+ at 
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t E u>, and P (t,ui) is the Standard Poisson process, counting the number \oj íl [0,t)\ 
compensated by its mean value t. It is described as the process with independent 
increments dP (i) = P (t + dt) — P (í), having the vàlues {0, 1} at dt — > 0, with zero 
mean (dP) = 0, and the multiplication property (dP) 2 = dP + dí. Using the Itò 
formula (jÓl with dV^dVt = V? ÜLV t (dP+dt), one can obtain 

d (V t V t ) = U t f [ÜL -K-Rï) V t dt + V t ] (Ú + L + ÜL) V t dV. 

Averaging (•} over the trajectòries of P, one can easily find that d(V t t V t ) < under 
the sub-filtering condition L^L < K+K^ . Such evolution is unitary if L^L — K+K^ 
and if the jumps are isometric, J'J = I. 

This proves in both cases that the stochastic wave function ip t (us) = V t (oj) ifj Q 
is not normalized for each w, but it is normalized in the mean square sense to the 
probability (HV'tll 2 } < ll^oll 2 = 1 f° r t ne quantum system not to be demolished 
during its observation up to the time t. If (||?/> t || 2 ) = 1, then the positive stochastic 
function \\tp t (w) || 2 is the probability density of a diffusive Q or counting P output 
process up to the given t with respect to the Standard Wiener Q or Poisson P input 
processes. 

Using the Itò formula for <f> t (B) = U t T BVt, one can obtain the stochastic equa- 
tions 

(2.4) d(j) t (B) + 4> t (K^B + BK - Ú BL) dt = <f> t (ÜB + BL) dQ, 



(2.5) d<f> t (B) + cp t (K^B + BK- ÜBL) dt = <f> t (,PBJ - B) dP, 

describing the stochastic evolution Y t — <fi t (B) of a bounded system operator 
B e £{H) as Y t (uj) = V t (w) 1 BV t (cu). The maps <j> t : B ^ Y t are Hermitian 
in the sense that — Y t if B^ — B, but in contrast to the usual Hamiltonian 
dynamics, are not multiplicative in general, <p t (B^C) ^ 4> t (B)^ 4> t (C), even if they 
are not averaged with respect to u>. Moreover, they are usually not normalized, 
M t (u>) :— (f> t (uj,I) ^ /, although the stochastic positive operators M t = V^Vt 
under the filtering condition are usually normalized in the mean, (Mt) — I, and 
satisfy the martingale property et [M s ] = M t for all s > t, where et is the condi- 
tional expectation with respect to the history of the processes P or Q up to time 
t. 

Although the filtering equations 1)2.3(1 . ((2.1(1 look very different, they can be 
unificd in the form of quantum stochastic equation 

(2.6) dV t + KVtdt + K~Vtdk_ = (J - I) U t dA + L + V t dA + 

where A + (t) is the creation process, corresponding to the annihilation A_ (t) on the 
interval [0, í), and A (t) is the number of quantums on this interval. These canonical 
quantum stochastic processes, representing the quantum noise with respect to the 
vacuum state |0) of the Fock space T over the single-quantum Hilbert space 1? (K.+ ) 
of square-integrable functions of t G [0, oo), are formally given in ^1] by the integrals 

A_(í)= í A r _dr, A+(í)= f A+dr, A (t) = f A+A r _dr, 
Jo Jo Jo 
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where Al , Aj are the generalized quantum one-dimensional fields in J-, satisfying 
the canonical commutation rclations 

[Aü,A+] =S(s-r)I, [Al, Al] =0 = [A+ A+] . 

They can be defined by the independent increments with 

(2.7) (0|dA_|0> = 0, (0|dA + |0)=0, (0|dA|0) = 
and the noncommutative multiplication table 

(2.8) dAdA = dA, dA_dA = dA_, dAdA+ = dA+, dA_dA+ = dtl 

with all other products being zero: dAdA_ = dA+dA = dA+dA_ = 0. The 
Standard Poisson process P as well as the Wiener process Q can be represented in 
$ by the linear combinations ^B] 

(2.9) P(í) = A(í) + i(A+(í)-A_(í)), Q (i) = A + (i) + A_ (i) , 

so the equation Ij2.6|) corresponds to the stochastic diffusion equation Ij2.1|l if J = I, 
L + = L = —K~, and it corresponds to the stochastic jump equation (|2.3|1 if 
J = I + L, L + = iL = K~ . The quantum stochastic equation for <f> t (B) — V} BVt 
has the following general form 

àcj> t (B) + <j> t (K^B + BK - L-BL+) àt = cf> t (,PBJ - B) dA 

(2.10) +<j> t (J^BL + - K+B) + <j) t (L-BJ - BK~) dA_, 

where L~ = L+, K\_ = K~ , coinciding with either (|2.4I) or with (|2.5() in the partic- 
ular cases. The equation (|2.10() is obtaincd from l|2.6|l by using the Itò formula (|2.2|) 
with the multiplication table (|2.8|l . The sub-filtering condition K + < L~L + 
for the equation (|2.fí(l defines in both cases the positive operator-valued process 
Rt — 4> t (I) as a sub-martingale with Rq = I, or a martingale in the case K + = 
L~L + . In the particular case 

J = S, K- = L-S, L+ = SK + , S*S = I, 

corresponding to the Hudson-Evans flow if S' = S -1 , the evolution is isometric, 
and identity preserving, cf> t (I) = I in the case of bounded K and L. 

In the next sections we dcfinc a multidimcnsional analog of the quantum sto- 
chastic equation (|2.10|l and will show that the suggested general structure of its 
generator indeed follows just from the property of complete positivity of the map 
4> t for all t > and the normalization condition <f> t (J) = M t to a form-valued sub- 
martingale with respect to the natural filtration of the quantum noise in the Fock 
space Ç . 

3. The Generators of Quantum Filtering Cocycles. 

The quantum filtering dynamics over an operator àlgebra B Ç B (7í) is described 
by a one parameter cocycles: <f> = (0t) t>o of linear completely positive stochastic 
maps <fi t (uj) : B — > B. The cocycle condition 

(3.1) 0, (co) o ^ (ü/) = cj> r+s (w) , Vr, S >0 

means the stationarity, with respect to the shift uj s — {uj (t + s)} of a given sto- 
chastic process lo — {lo (t)}. Such maps are in general unbounded, but normalized, 
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4> t (I) = Mt to an operator-valued martingale Mt — et [M s ] > with Mq — 1, or a 
positive submartingale: M t > e t [M s ], for all s > t, . 

Now we give a noncommutative generalization of the quantum stochastic CP 
cocycles, which was suggested in ^ïï] even for the nonlinear case. The stochas- 
tically differentiable family <f> with respect to a quantum stationary process, with 
independent increments A s (í) = A (t + s) — A (s) generated by a finite dimensional 
Itò àlgebra is described by the quantum stochastic equation 

(3.2) d<£ t (Y) = 4>t o K (Y) dA; := £ t (A^ 1 (Y)) dA^, Y e B 

with the initial condition <f) Q (Y) = Y, for all Y <E B. Here A^ (t) with /i 6 
{— , 1, d}, v G {+, 1, ...,d} are the Standard time A't (i) = tl, annihilation A™ (í), 
creation A+ (t) and exchange-number A™ (í) = N™ (í) operator integrators with 
m,n e {1, The infinitesimal increments dA£J (í) = A^/ 1 (dí) are formally de- 

fined by the Hudson-Parthasarathy multiplication table ^3] an d the b -property [3j , 

(3.3) dA^dAí; = <^dA£, A b = A, 

where 6^ is the usual Kronecker delta restricted to the indices /3 S {— , 1, d} , 7 £ 
{+, 1, d} and A_^ = with respect to the reflection — (— ) = +, — (+) = — of 
the indices (— , +) only. The linear maps A^' : B — > B for the * -cocycles ^ = <p t , 
where 4>1 (Y) = <f> t (Y^) , should obviously satisfy the b -property A^ = A, where 
A^ = A^, A£* (Y) = A£ (Yt) f . If the coefficicnts fe£ = A^ (Y) are independent of 
t, 4» satisfies the cocycle property <j> a o (f> s r = <p s+r , where <j>\ is the solution to (|3.2() 
with A£ (í) replaced by A s f (t). Define the (d + 2) x (d + 2) matrix a = [a£] also 
for fJ. = + and ^ = — , by 

A+ (Y) = = A^ (Y) , VY e 6, 

and then one can extend the summation in (|3.2|) so it is also over /i = +, and v = — . 
By such an extension the multiplication table for dA (a) = a^dA^ can be written 
as 

(3.4) dA (a) f dA (a) = dA (a b a) 

in terms of the usual matrix product (ba)JJ = b^a^ and the involution a a b = 
b, b b = a can be obtained by the pseudo-Hermitian conjugation ctg = gp^atf g lv 
respectively to the indefinite Minkowski mètric tensor g = [g^u] and its inverse 
g- 1 = given by tf» = 6^1 = g^. 

Let us prové that the "spatial" part 7 = (7^)^íí of 7 = X+S, called the quantum 

stochastic germ for the representation 5 : B 1— » {BS^)^ít, must be completely 
stochastically dissipative for a CP cocycle <j> in the following sense. 

Theorem 1. Suppose that the quantum stochastic equation fff.Pj) with cj) (B) = B 
has a CP solution (j) t ,t > 0. Then the germ-map 7 = (A„ + <$íí)y= + '* is condition- 
ally completely positive 

Y,i(B k ) Vk = o^Y,( r > k h (bI b i)vi)>o 

k k,i 
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Here rj G 7í®TÍ' ,7í' = Tt®C d , and i = (i^)^Z, '* is the degenerate reprès entation 
l£ (B) — BS^St, written both with 7 in the matrix form as 



(3.5) 



7 = 



7 7. 
7' 7l 



v(B) = 



B 




„ — <5™ + A™ with 8™ (B) — B5™ such 



where 7 = A + , 7" 1 = A+ , 7 n = A„ , 7™ = C + A™ 
í/iaí 

(3.6) 7 (S t )=7(S) t , r(BÏ)= ln {B)\ 7™( Bt )=7^(S) f 

Proo/. Let us denote by V the ft-span ^ ® /» ^ G W, /* G C d ® L 2 (K+) | 

of coherent (exponential) functions /® (t) = ® tgT /* (í), given for each finite sub- 
set t = {h,...,t n } Ç K + by tensor products /"!<■■■•"« (r) = f ni (íi).../ n « (íjv), 
where f n , n — 1, d are square-integrable complex functions on R + and = 
for almost all /* = (/"). The co-isometric shift T s intertwining A s (í) with 
A (í) = T S A S (t) is defined on V by T s (77 ® /®) (r) = 77 (8 /® (r + s). The 
complcte positivity of the quantum stochastic adapted map <j) t into the "D-forms 
(x 4>t (B) ip), for x, 4> G f can be obviously written as 

(3.7) 
where 



(í?| t (f*,B, h') rj) = (r? ® /® | & (fl) ® e -/*~ /' W^'W^, 

£^ ^ for a finite sequence of Bk G £>, and for a finite sequence of /* = . 
If the 2?-form 4> t (B) satisfies the stochastic equation Ij3.2|l . the 7Y-form 4> t (/*, B, h') 
satisfies the differential equation 

(3.8) (f',B, h') = f (*) f h' (t) <f> t (f,B, h') + 4> t (/*, A7_ (B) , h') 



E f m (*)* & (/'• A + . + E w & A « ' 

rn — 1 n— 1 

E r(trh n (t)ii> t (f m ^(B),h'), 



where /' (í) f fc* (i) = / n (í)* h n (í). The positive definiteness, E3, ensurcs 

the conditional positivity 

( 3 - 9 ) EE fí ^ = o^EE(^h ( /v xtz ' ^) - 

/ B X,Z f,h 

of the form 7t (f*,B, h") = 7 (</> t (/", S, ft') - fí) for each t > and of the limit 7o 

at t i 0, coinciding with the quadratic form 

(3.10) 

±4> t (r,B,h-) =E« m 7™(i?) C ïi +E« m ^ m ( B )+E^(s)^+7(s), 

t—O m.n in n 
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where a' = f (0) , c* — h* (0), and thc 7's arc dcfincd in (|3.5|1 . Hcnce the form 

E E Wx\it ( xtz ) vz) : =EE fa™ 1 7" (^) ^s) 



+ E E^l 

X,Z \ n 



(x*z) rr z ) + E (vx\ i m (x^z) n z ) + ( Vx \ 1 (xtz) |r, z ) 



with 77 = £•* , rf = J2f ^ ® a /j where a* = /* (0), is positive if Brj B = 0. 
The components rj and 77* of these vectors are independent because for any 77 G TL 
and 77* = (77 1 , ...,77") G TL <8 C d there exists such a function a* 1— » Ç a on C d with a 
finite support, that J2 a £° = V, J2 a ® a* = *?*, namely, £ a = for all a* G C d 
except a* = 0, for which £ a = r\ — V 71 anc ^ a * = e * > tne n_tn basis element 

in C d , for which £ a = 77". This proves the complete positivity of the matrix form 
7, with respect to the matrix representation 1 defmcd in (|3.5|) on thc ket-vectors 

V=(jf)- I 

4. A DlLATION Tl·lEOREM FOR THE FORM-GENERATOR. 

The conditional positivity of the structural map 7 with respect to the degenerate 
representation 1 written in the matrix form H3.fi(l obviously implies the positivity of 
the dissipation form 

(4.1) e A z ) i*) ■= E E fa* i A ^ tf> , 

where r\~ = r\ = r/ + and ?7 fc = ?7 Sj _ for any (finite) sequence Bk G S, k = 1,2, 
corresponding to non-zero r] B = r) B Q) ri B ,7] B G W, 77^ G W. Herc A = (A£J)^~~'* 
is the dissipator matrix, 

A (X, Z) = 7 (X+Z) - t PO* l(Z)-j (X)* l(Z)+l 7 (7) 6 (Z) , 
given by the elements 

(4.2) A™(X,Z) = A-(xtz)+XtzC, 

A"(X,Z) = A;(xtz)-XtA;(Z) = A^(Z,X) t 
A+(X,Z) = A+ (X+Z) - X+A+ (Z) - A+ Z + X+TíZ, 

where 7) = A7 (7) < (D = for the case of the martingale M t ). This means 
that the matrix- valued map 7* = [7™], is completely positive, and as follows from 
the next theorem, at least for the àlgebra B = B (TL) the maps 7, 7™, 7„ have the 
following form 

(4.3) 7™(B) - V m {B)-KlB, ln {B) = <p n (B) - BK n 

7(B) = (p (B) - K^B - BK, ip(I)<K + K^ 

where tp — [}Pv)^^L is a completely positive bounded map from B into the matrices 
of operators with the elements tp™ — 7™, tp™ = ip m , ip~ = ip n , tp+ = ip : B — > B. 

In order to make the formulation of the dilation theorem as concise as possible, 
we need the notion of the b-representation of the àlgebra B in the operator àlgebra 
A {£) of a pseudo-Hilbert spacc £ = TL ® TL° ® TL with respect to the indefinitc 
mètric 

(4.4) (£m = 2Re(ru + ) + nn 2 + ||£ + |f D 
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for the triples £ = '°' + 6 £, where <T,£ + £ TL, C E W°, 7í° is a 

pre-Hilbert space, and \\r)\\ D — (n\ Drj). The operators A e -4(£) are given by 
3 x 3-block-matrices [^4^]^ZZ'o'+ ■> having the Pseudo-Hermitian adjoints (Çl^^) = 
(AÇ\Ç), which are defined by the Hermitian adjoints Aj/ 1 = Aftas A b = G~ l A^G 
respectively to the indefinite mètric tensor G = [G M „] and its inverse G _1 = [G M1/ ], 
given by 



(4.5) 



G = 



0/ 

r o 

1 D 



G" 1 



-D I 

o 4° o 

7 



with an arbitrary D, where 1° is the identity operator in TL° , being equal J* 



[IS 



m-\m—l,...,d • 



in the case of TL° 



TL< 



W. 



Theorem 2. The following are equivalent: 

(i) The dissipation form {4-l\l > defined by the \>-map A with A^ (I) = D, is 
positive definite: J2x z (Vx \ A (X, Z) r\ z ) > 0. 

(ii) There exists a pre-Hilbert space TL° , a unital f- reprès entation j of B in 
B(H°), 



(4.6) 
(4.7) 



j(BiB)=j(B)ïj(B), j(I)=I, 
a (j,i)-derivation of B with i (B) = B, 

k (B^B) = j (B) f k (B) + k (5+) B, 

having vàlues in the operators TL — > TL° , the adjoint map k* (B) = k (-B^) , 
with the property 

k* (B^B) = B^k* (B) + k* (B^) j (B) 

of (i, j)-derivation in the operators TL° — > TL, and a map l : B — ► B having 
the coboundary property 

l (B ] B) = BU (B) + l (B^) B + k* (Bï) k (B) , 

with the adjoint l* (B) = l (B) + [D, B], such that j(B) = l (B) + DB, 



(4.8) 



(st)=fc(5) t i°+Sti-= 7 ™ (B) 



and 7™ (B) = L^j (B) L° for some operators L° : TL — > TL° having the 
adjoints L°t on TL° and L~ € B. 
(iii) There exists a pseudo-Hilbert space, £ , a unital \>-representation j : B — ► A (£), 
and a linear operator L : TL © TL* — > £ such that 



(4.9) 



L b j (B) L = 7 (B) , V5e6. 



(iv) The structural map 7 = À + 8 is conditionally completely positive with 
respect to the matrix reprès entation 1 in \3.5)) . 

Proof. The implication (i)=^(ii) generalizes the Evans-Lewis Theorem|17). and its 
proof is similar to the proof of the dilation theorem in JHj- Let TL° be the pre-Hilbert 
space of Kolmogorov decomposition A (X, Z) = k (Xy k (Z). It is defined as the 
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quotient space H° = JC/1 of the 7i-span K. = {(t^bg-b}' where r] B € H © TL* is 
not equal zero only for a finite number of B £ B, with respect to the kernel 

1= j(T7 B ) SeB e/C|^<r, x |A(X,Z) 77^) = o| 

of the positive-definite form (|4.1(1 . The operators fc (B)^ : 7i° — ► TL®TL* are defined 
on the classes 77 of (Vx)xeb e ^ as * ne adjoint 

x 

to the bounded operators k (B) : TL (B TL* — ► mapping the pairs rj = 77 © 77* 
into the equivalence classes 77° (i?) = fe (B) 77 + fe. (B) 77* of (5^ (B) v)zeb> where 
Sz (B) = 1 if B = Z, otherwise 5z (B) = 0. Let us define a linear operator 3 (B) 
on 7Í° by 

3 (B) 2 (fe (Z) 77 + fe. (Z) 77') = ^ (fe 77 - fe (B) Z V + fe. (BZ) 77') . 
z z 

Obviously j (XB) = j (X) j (B), j (I) = I because fe (I) = and as follows from the 
dcfinition of the dissipation form, j (By = j (B^) for all B 6 B. Thus 3 is a unital 
f-representation, fe is a (j, i)-cocycle, and fe, (B) = j (B) L°, where L° = fe. (7). 
Moreover, as 

j(B^B) + B^(I)B = B t 7(B)+7(B t )B + fe(B) í fe(B), 

jl(B^B) = k.(B)^k.(B), 
7. (B+B) -B^.(B) = k (-B) t fe. (-B) = 7* (S t -B) t - 7* (B) t B, 

the property 63 is fulfilled, LJj (B) L° = 7: (B) with L\ = k* m (I) = L°J , and 

7 . (Bt) =fe(B) t L° + BtL.-- 7 · (B)\ 

where = 7. (7) = 7* (I) = 77 f . 

The proof of the implication (ii)=>(iii) can be also obtained as in ^S] by the 
explicit construction of £ as TL TL° ® TL with the indefinite mètric tensor G = 
[Gav] given above for pL,v = — ,0,+, and D = 7(7). The unital b-representation 

3 (xïz)= 3 {xfr 3 {z), 3 (i) = i 

with j (B) b = G^ 1 ] (B)^ G = 3 (B^) is given by the components 

(4.10) f Q =j, j° + = k, j-=k*, 3 +=l, ]Z=i = jX 

and all other j£ = 0. The linear operator L : TL W -> £, where W = H ® C d , 
can be defined by the components (L M , Líí), 

L-=0, L° = 0, L+=J, L,=(L-), L°, = (L° n ), L+ = 0, 
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and V = 



I D 
L* L' 



= L T G, where L' = L°\ L\ = L.\ Then L'jL 




i 


k* 


l ' 









3 


k 


(i 


5) 








i 







l + Dí 
L'k + L't 



k*L°.+iL. 

l-ojl: 



7 



In order to prové the implication (iii)=>(iv), it is sufficient to show that the 
vectors £ = J2bJ( B ) Lt 1b are positive, > if J2b l ( B ) Ves = J2b B7 1b = 

0. But this follows immediately from the observation £ + = ^2 B j (B) L + rj B = 
Br lB = such that the indefinite mètrics l|4.4[) is positive, (£|£) = ||£°|| 2 > in 
this case. 

The final implication (iv)=>-(i) is obtained as the case r/j = — ^2 B ^j Br lB °f 

Z b b Vb = o.í 



5. The Structure of the Bounded Filtering Generators. 

The structure l|4.3[l of the form-generator for CP cocycles over B — B (Tí) is 
a consequence of the well known fact that the derivations k, k* of the àlgebra 
B (Tí) of all bounded operators on a Hilbert space Tí are spatial, k (B) — j (B) L — 
LB, k* (B) = tfj (B) - BL\ and so 

(5.1) l (B) = i (tfk (B) + k* (B) L + [B, D}) + i [H, B] , 

whcrc = H is a Hcrmitian operator in Tí. The germ-map 7 whose components 
are composed (as in into the suros of the components of a CP matrix 

map ep : B — > B ® M (C d+1 ) and left and right multiplications, are obviously 
conditionally completely positive with respect to the representation l in (4). As 
follows from the dilation theorem in this case, there exists a family L_ = L = 
L_|_, L n = L° n . n = l,...,d of linear operators L v : TL — > TL° , having adjoints 
L\ : Tí° -> Tí such that (B) = Ljj (B) L u . 

The next theorem proves that these structural conditions which are sufficient for 
complete positivity of the cocycles, given by the equation 1)3.2(1 . are also necessary 
if the germ-map 7 is w*-continuous on an operator àlgebra B. Thus the equation 
(|3.2|) for a completely positive quantum cocycle with bounded stochastic derivatives 
has the following general form 

d 

dcP t (B) + <j> t (KlB + BK-tfj(B)L)dt= ]T <j> t (Ü m3 (B) L n - Bó™) dA n m 

m,n— 1 



(5.2) + ]T 4>t (Llj (B) L - KlB) dA+ + <t>t (^J (B) L n - BK n ) dA^, 

m— 1 n— 1 

generalising the Lindblad form |17j . for the norm-continuous semigroups of com- 
pletely positive maps. The quantum stochastic submartingale M t — <f> t (I) is defined 
by the integral 

M t + /* 4> s (D) ds = I + f ]T 4> s (LlL m - C) dA™ 
Jo Jo m „ 
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(5.3) (L} n L - Kl) dA+ + ( itL « - *») dA -' 

J m =l J ° n=l 

If the space /C can be embedded into the direct sum H. ® C d = 7i © ... © H of d 
copies of the initial Hilbert space TL such that j (B) = (B5™), this equation can 
be resolved in the form <\> t (B) — F}BF U where F = (F t ) t>0 is an (unbounded) 
cocycle in the tensor product H ® T with Fock space T over the Hilbert space 
C d <E) L 2 of the quantum noise of dimensionality d. The cocycle F satisfies the 
quantum stochastic equation 

d d d 

(5.4) dF t + KF t dt= {L l n - IS l n ) F t dA^ + J2L l F t dA+ -J2 K n F t dA n _, 

i,n—l i—1 n—1 

where L l n and L % are the operators in 7í, defining 

d d 

(5.5) <p™ (B) = J2 L ™ BL n> ^p(B)='£^BL í 



í=i 

d 



(B) = J2 L ^ BL ^ Vn(B) = J2 L * BL Í 



with 5Z Í=1 L^L 1 = K + if Mi is a martingale (< K + if^if submartingale) . 

Theorem 3. Leí í/ie germ-maps 7 0/ í/ie quantum stochastic cocycle (j) over a 

von-Neumann àlgebra B be w*-continuous and bounded: 

(5.6) 

ii7ii<oo, ii7.n = (x>«ii 2 ) =ii7·n<~, híll = h: < 00, 

wftere || 7 || = sup{|| 7 (5)|| : \\B\\ < 1}, || 7 :(J)|| = sup {(rf, j*. (I) if) \\\n' \\ < 1} 

and <p t be a GP cocycle, satisfying equation with (j) (B) = B and normalized 

to a submartingale (martingale). Then they have the form written as 

(5.7) 7 (B) = (p (B) — 1 (B) K — K^l (B) 

with tp = tp+, ip rn = ep™, ip n — tp~ and tp™ — 7 ™, composing a bounded GP 
map. 

(5. 8) «•-(£$)• - k] 

with arbitrary K* , *, onrf K + > tp (I). The equation if5.il)) has the unique CP 
solution , satisfying the condition <f) s (I) < e s [<f> t {!)] for all s < t (<j) s (I) — e s [<f> t (/)] 
if K + =<p (I)). 

Proof. The structure l|5.7[) for the CP component 7 J was obtained as a part of 
the dilation theorem in the Stinespring form 7J (B) = L\j (B) L. = tp\ (B), where 
L m = L°. In order to obtain the structure (|5.7)l for the bounded germ-maps 7# 
and 7*, we can take into account the spatial structure k (B) = j (B) L — LB of a 
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bounded (J, i)-derivation for a von-Neumann àlgebra B with respect to a normal 
representation j of B and i (B) = B. Then 

7. (B) = k* (B) LI + BL, = tfj (B) L\ - B {ÜL° - L~) = L\_j (B) L. - BK„ 

where L+ = L,K. = ÜL°-L~. Hence 7. (B) = <p. (B)-BK.,Y (B) = ip* (B)- 
K'B = -y*.( B ), wher e K % = KÍ, <p* (B) = Llj (B) L = tpl(B), such that the 
matrix-map ep (B) = (L»j (B) L v )^~'* with L~ = tf,L % = h\ is CP. Taking into 
account the form 1(5.1(1 of the coboundary l (B) = 7 (B) — DB which is due to the 
spatial form [iH + \D, B] of the bounded derivation l{B)-\ (Ük (B) + k* (B) L) 
on B, one can obtain the representation 

7 (B) = - (Ük (B) + k* (B) L + DB + BD) + i[H,B]=ip (B) - BK - K^B, 

where ip (B) = Ü j (B) L, K = iH + \ (Ü L - D) . 

The existence and uniqueness of the solutions <j> t (B) to the quantum stochastic 
equations ((3.2(1 with the bounded generators (B) = 7^ (B) — B5^ and the initial 
conditions 4> (B) = B in an operator àlgebra B was proved in jZ0|. The positivity 
of the solutions in the case of the equation 15.2(1 , corresponding to the conditionally 
positive germ-function ((5.7(1 . can be obtained by the iteration 

(B) = v}BV t + J* ^ (f% (V} (s) BV t ( S ))) dA^, (B) = B 

of the quantum stochastic integral equation 

(5.9) <t> t (B) = vfBV t + j 0, (p$ (yí (s) BV t («))) dA^, 

with ^ (B) = (B) - B5£. Here V t = V t (s) V s with V t (s) = T}Vt-.T, shifted 
by the co-isometry T s in T>, is the vector cocycle, resolving the quantum stochastic 
diffcrcntial equation 

d 

(5.10) dV t + KV t àt + K m V t dA m = 

va— 1 

with the initial condition Vq = I m TL. The equivalence of ((5.2(1 and 1(5.9(1 . 1(5.10(1 is 
verified by direct differentiation of 1(5.9(1 . In order to prové the complete positivity 
of this solution, one should write down the corresponding iteration 

4 n+1) (f',B, h') = VÏW + J*f cb[ n) (r,V (V? (*) BVt (*)) , h') h (s) ds, 

of the ordinary integral equation for the operator- valued kernels of coherent vectors, 
defined in ((3.7(1 . Here g (s) = 1 © g* (s) such that 

EE (&\ & {r,x^z,h') d) = E (xv tVx \zv tVz ) 

X,Z f.h X,Z 

+ f EE Wx («) 1^ (/", f (**Z) , h') V h z (s)) , 

•'° X,Z f,h 

where r/ B = J^g^B? V B ( s ) = E s ( s ) £b ® 9 («)• Then the CP property for ^ n) , 
immediately follows from the CP property of 0^ n ~ 1 ',s < t and of ip. The direct 
iteration of this integral recursion with the initial CP condition 4>f^ (B) = B gives 
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at the limit n — > oo the minimal CP solution in the form of sum of n-tupol CP 
integrals on the interval [0,í]. | 
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